In this paper classical r-matrices of two and three dimensional Lie super-bialgebras (classified in arXiv:0901 .4471 and arXiv:0911.1760) are obtained. In this manner, all two and three dimensional coboundary Lie super-bialgebras and their types (triangular, quasi-triangular or factorizable) are classified. Then, using Sklyanin superbracket, the super Poisson structures on the related Poisson-Lie supergroups are obtained. *
Introduction
From mathematical point of view, Lie bialgebras were first introduced by Drinfel'd as algebraic structures and classical limit of underlying quantized enveloping algebras (quantum groups) [1] . In particular, every deformation of a universal enveloping algebra induces a Lie bialgebra structure on the underlying Lie algebra. Conversely, as it has been shown in [2] that each Lie bialgebra admits quantization. So the classification of Lie bialgebras can be seen as the first step in the classification of quantum groups. On the other hand, from the physical point of view, the theory of classical integrable system naturally relates to the geometry and representation theory of Poisson-Lie groups and the corresponding Lie bialgebras and their classical r-matrices (see for example [3] ). Furthermore, Lie bialgebras and Poisson-Lie groups have applications in the theory of Poisson-Lie T -dual sigma models [4] and N = 2 superconformal field theories [5] . In the same way, Lie super-bialgebras [6] , as the underlying symmetry algebras, play an important role in the integrable structure of AdS/CF T correspondence [7] , as well as in Toda models on Lie superalgebras [8] . Similarly, one can consider Poisson-Lie T -dual sigma models on Poisson-Lie supergroups [9] . In this way and by considering that there is a universal quantization for Lie super-bialgebras [10] , the classification of Lie super-bialgebras (especially low dimensional Lie superbialgebras) is important role from both physical and mathematical point of view. In [11] and [12] we classify all two and three dimensional Lie super-bialgrbras. In the present paper, following [11] and [12] , we find the classical r-matrices of these Lie super-bialgebras and determine their types (triangular, quasi-triangular or factorizable). Furthermore, we obtain super Poisson structures on the related Poisson-Lie supergroups.
The paper is organized as follows. In section two, we give some basic definitions and notations on coboundary Lie super-bialgebras and Manin super triple. In section three, we list the decomposable and indecomposable Lie superalgebras and their related Lie super-bialgebras [11] , [12] . In section four, using adjoint and matrix representation we calculate classical r-matrices and determine two and three dimensional coboundary (triangular, quasi-triangular or factorizable) Lie super-bialgebras. In section five, we first calculate invariant supervector fields and then using Sklyanin superbracket we obtain super Poisson structures on the related two and three dimensional Poisson-Lie supergroups.
Definitions and notations
In the present paper, we apply DeWitt notations for supervector spaces, supermatrices,... [13] . Let us recall some basic definitions and propositions on Lie super-bialgebras [6, 11, 14] .
Definition: A Lie superalgebra g is a graded vector space g = g B g F with gradings grade(g B ) = 0 and grade(g F ) = 1 so that Lie bracket satisfies the super antisymmetric and super Jacobi identities, i.e. in the graded basis {X i } of g we have 
so that f
Furthermore, we have 
Let g be a finite-dimensional Lie superalgebra and g * be its dual superspace with respect to a nondegenerate canonical pairing ( , ) on g * g.
Definition: A Lie super-bialgebra structure on a Lie superalgebra g is a super skew-symmetric linear map δ : g −→ g ⊗ g (the super cocommutator) so that 1) δ is a super one-cocycle, i.e.
δ([X, Y ]) = (ad
2) the dual map δ t : g * ⊗ g * → g * is a Lie superbracket on g * , i.e.
(ξ ⊗ η, δ(X)) = (δ
The Lie super-bialgebra defined in this way will be denoted by (g, g * ) or (g, δ) [6, 11] .
Definition: A Lie super-bialgebra is coboundary if the super cocommutator is a one-coboundary, i.e. if there exists an element r ∈ g ⊗ g such that
Proposition: Two coboundary Lie super-bialgebras (g, g * ) and (g ′ , g * ′ ) defined by r ∈ g⊗g and r ′ ∈ g ′ ⊗g ′ are isomorphic if and only if there is an isomorphism of Lie superalgebras α :
Definition: Coboundary Lie super-bialgebras can be of two different types: a) if r is a super skew-symmetric solution of the classical Yang-Baxter equation (CYBE)
then the couboundary Lie super-bialgebra is said to be triangular; wherein Schouten superbracket is defined by 
and if we denote r = r ij X i ⊗ X j , then r 12 = r ij X i ⊗ X j ⊗ 1, r 13 = r ij X i ⊗ 1 ⊗ X j and r 23 = r ij 1 ⊗ X i ⊗ X j . A solution of the CYBE is often called a classical r-matrix.
b) if r is a solution of CYBE such that r 12 + r 21 is a g invariant element of g ⊗ g, then the coboundary Lie super-bialgebra is said to be quasi-triangular. Moreover, if the super symmetric part of r is invertible, then r is called factorizable.
Sometimes condition b) can be replaced with the following:
then the coboundary Lie super-bialgebra is said to be quasi-triangular [6] . Note that if g is a Lie super-bialgebra then g * is also a Lie super-bialgebra [6] , but this is not always true for the coboundary property.
Definition: Suppose g be a coboundary Lie super-bialgebra with one-cocycle δ and g * be also coboundary Lie super-bialgebra with the one-cocycle δ *
where δ * : g * −→ g * ⊗ g * . Then the pair (g, g * ) is called a bi-r-matrix Lie super-bialgebra [14] if the Lie super bracket [, ] ′ on g defined by δ * t
is equivalent to the original ones [14] i.e.
[X, Y ]
2 Note that r has even Grassmann parity and Grassmann parity of r ij comes from indices; for example, we have
Definition: A Manin super triple is a triple of Lie superalgebras (D, g,g) together with a non-degenerate ad-invariant super symmetric bilinear form < , > on D such that 1) g andg are Lie sub-superalgebras of D, 2) D = g g as a supervector space, 3) g andg are isotropic with respect to <, >, i.e.
where {X i } and {X i } are basis of Lie superalgebras g andg respectively [6, 11] . Note that in the above relation δ j i is the ordinary delta function. There is a one-to-one correspondence between Lie super-bialgebra (g, g * ) and Manin super triple (D, g,g) withg = g * . If we choose the structure constants of Lie superalgebras g and g as follows:
[
then ad-invariance of the bilinear form <, > on D = g g implies that [11] [X i ,X j ] = (−1)
Clearly, using the equations (15), (16) and (6) we have
As a result of applying this relation to the super one-cocycle condition (5), the super Jacobi identities (2) for the dual Lie superalgabra and the following mixed super Jacobi identities are obtained
3 Two and three dimensional Lie superalgebras and Lie super-bialgebras
In [11] we find and classify all two and three dimensional Lie super-bialgebras for all two and three dimensional indecomposable Lie superalgebras. The method of classification is new and indeed it is improvement and generalization of the method of [16] 5 to the Lie superalgebras. In this method by use of adjoint representation of super Jacobi and mixed super Jacobi identities (2) and (19) we find dual Lie superalgebras by direct calculation; then by use of automorphism Lie supergroups of Lie superalgebras we classify all non isomorphic two and three dimensional Lie super-bialgebras [11] and [12] . Here for presentation of the notations that we will use and for self consistence of the paper, the list of two and three dimensional indecomposable and decomposable Lie superalgebras 6 [15] and their related Lie super-bialgebras [11] and [12] are given in tables 1−4 respectively. 3 Note that the appearance of (−1) jk in this relation is due to the definition of the bilinear form as: 4 This relation can also be obtained from super Jacobi identity of D. 5 Note that in [17] unfortunately there is not standard and logical method for obtaining of low dimensional Lie bialgebras. 6 Note that as we use DeWitt notation and standard basis here, the structure constants C B F F must be pure imaginary. 
Solvable, Trivial 
7 Note that decomposable Lie sueralgebras are as follows:
The Lie superalgebra A is one dimensional Abelian Lie superalgebra with one fermionic generator where Lie superalgebra A 1,1 is its bosonization. Furthermore, C 1 1 2 is different from C 1 p and we show the latter by C 1 gg Comments
Where in the above table ǫ = ±1.
For three dimensional dual Lie superalgebras (
2 respectively, we have the following anti commutation relations:
Note that these Lie superalgebras are non isomorphic and they differ in the bound of their parameters.
Two and three dimensional coboundary Lie super-bialgebras
In this section, we determine how many of 74 of two and three dimensional Lie super-bialgebras of tables 2−4 are coboundary? Note that here we work in nonstandard bases, so we omit coefficient i = √ −1 from all commutation relations for Lie superalgebras and Lie super-bialgebras of [11] and [12] . In this way, we must find r = r ij X i ⊗ X j ∈ g ⊗ g such that the super cocommutator of Lie super-bialgebras can be written as (7) . Using (7), (16) and (18), we have
where (X i ) l k = −f il k are adjoint representations for the basis g and l is the row of X i matrix. Now using the above relations, we can find the r-matrix of the Lie super-bialgebras. In this manner, we determine which of presented Lie super-bialgebras in tables 2−4 are coboundary and obtain their r-matrices. We also perform this work for the dual Lie super-bialgebras (g, g) using the following equations as (21)
where as above, (X i )
l are the adjoint representations of the basis of the Lie superalgebrag. The results are summarized in tables 5−7. Note that for determining Schouten superbrackets on Poisson-Lie supergroups, information on the type of Lie super-bialgebras (triangular or quasi-triangular) is important. As a result, we classify all types of two and three dimensional coboundary Lie super-bialgebras. Two points should be highlighted concerning these tables. First, we have listed coboundary Lie super-bialgebras (g,g) with coboundary duals (g, g) in all tables. Since such structures can be specified (up to automorphism) by pairs of r-matrices, then it is natural to call them bi-r-matrix super-bialgebras (b-r-sb) [14] . Here, we give complete list of two and three dimensional coboundary and b-r-sb. Secondly, as it is clearly seen, we have considered super skewsymmetric r-matrix solutions in tables 5−7. Of course there are other solutions for some Lie super-bialgebras of these tables. We have also listed these solutions in those tables. Comments
Note that as shown in table 5 we have two bi-r-matrix Lie super-bialgebras such that the Lie super-bialgebras (B, (A 1,1 + A)) and (B, (A 1,1 + A).i) are triangular while their duals i.e. the Lie super-bialgebras ((A 1,1 + A), B) and ((A 1,1 +A).i, B) are quasi-triangular. Furthermore to obtaining super skew-symmetric Poisson superbrackets for ((A 1,1 + A), I (1,1) ) we must put a = 0 i.e. r = 0, in this case we have trivial solution. 9 Here superscript st stands for supertranspose. 10 Note that in general we have 
In table 6 ((2A 1,1 + A), I (2, 1) ) is triangular Lie super-bialgebras such that as shown in the next section to obtaining super skew-symmetric Poisson superbrackets we must put a = d = 0, b = −c so that its r-matrix has the form r = X 1 ∧ X 2 .
In the same way for triangular Lie super-bialgebra ((B + A 1,1 ), I (2,1) ) we have r = 0 and for bi-r-matrix ) and
) are bi-r-matrix Lie super-bialgebras with triangular type while their duals are quasi-triangular. 
For three dimensional Lie super-bialgebras with the form (g,G αβγ ) where We see that for p = 0 the Lie super-bialgebras (C Note that all these coboundary Lie super-bialgebras are non-isomorphic. In the previous section, we mentioned the conditions (8) under which the coboundary Lie super-bialgebras are isomorphic. Here, we consider these conditions in a more exact and non-formal way. Using the matrix form of the isomorphism map α :
relation (8) can be rewriten as
where in the left hand side the indices k and j are row and column of matrix r st respectively and l corresponds to the column of matrix α. In the right hand side the indices j and k are row and column of matrix r respectively and n denotes the column of matrix α. If the above matrix relations are satisfied then the two coboundary Lie super-bialgebras (g,g) and (g ′ ,g ′ ) are isomorphic. In this way, one can investigate these relations for all coboundary Lie super-bialgebras of tables and see that all of them are non-isomorphic.
Calculation of super Poisson structures by Sklyanin superbracket
For the triangular and quasitriangular Lie super-bialgebras one can obtain the corresponding Poisson-Lie supergroups by means of Sklyanin superbracket provided by a given super skew-symmetric r-matrix r = r ij X i ⊗ X j [6, 18] {f , h} = f
) are left and right invariant sueprvector fields with left (right) derivations on the Poisson-Lie supergroup G. If r is a solution of (CYBE), the following superbrackets are also super Poisson structures on the supergroup G [6] {f , h}
For calculation of the left and right invariant supervector fields on the supergroup G, it is enough to determine the left and right invariant one forms. For g ∈ G we have
where x µ are coordinates on the supergroup. Now using [13] 
in the following relations
where
we obtain the following results
To calculate the above matrices, we assume the following parameterization of the two dimensional supergroup G:
in the same way, for three dimensional supergroups (with two bosonic and one fermionic generators) we assume
and for three dimensional supergroups (with two fermionic and one bosonic generators) we use the following parameterization g = e xX1 e ψX2 e χX3 .
The results are summarized in tables 8−10. Note that to obtaining these results for dual Lie supergroupsG we must use the following relations. The reason why we cannot use the above formulas (28)- (33) for dual Lie supergroupG is that for dual Lie superalgebras we use basis with upper indices and in DeWitt notations these are different to lower indices for Lie superalgebras
Note that the Lie supergroup parameterizations forG are similar with G (i.e. the parameters x, y, ψ, χ are replaced withx,ỹ,ψ,χ). Table 9 : Left and right invariant supervector fields over three dimensional Lie supergroups g (1 − e −2px ) 1 2p
(1 − e −2px ) (1 − e −2x ) 
Conclusion
Having determined the types (triangular, quasi-triangular or factorizable) of two and three dimensional Lie superbialgebras and obtained their r-matrices and super Poisson structures we are now in a position to perform the quantization of these Lie super-bialgebras. Furthermore, one can now investigate integrability under super Poisson-Lie T duality by studying the super Poisson-Lie T dual sigma models [9] over bi-r-matrix super-bialgebras.
